The motion of colored scalar particles in a constant color magnetic field is considered. The Klein-Gordon equation is solved in this background and the energy spectrum is quantized by boundary conditions. The unitary transformation diagonalizing this equation and the states with definite energy are found.
Introduction
As is known, the classical color fields can be given by two different kind of vector potentials [1] . The color magnetic or chromomagnetic field, an Abelian type of potential, has an instability with respect to quark-antiquark pair creation from the vacuum state [2] [3] [4] . The second kind of potentials are less known, but are used by the several authors [11, 20, 21] . Meanwhile, studies of the one-loop effective Lagrangian of quarks in a chromomagnetic field of the second kind [5, [7] [8] [9] shows an absence of the imaginary part, i.e. this field is stable with respect to decay. References [6, 10] considered the motion of colored particles in these fields and obtained a continuous spectra. Because of the confinement property of quarks, references [11] [12] [13] [14] considered this motion in a limited space and found the quantum spectra for a spinor in a chromomagnetic field given by the second kind of vector potential. Such a motion is similar to the quark's motion in bag models [12] . It is interesting to have a solution for the motion of scalar particles having a color charge belonging to the same color symmetry group as quarks. Such scalars arise in supersymmetric QCD as the superpartners of quarks and are called squarks [19] . Though these particles have not been found in experiments, the search for them continues. The studies of colored scalars here may have some use for the squark studies. This solution may be useful for the further comparison with the similar results for spinor particles [11, 13] and further investigation of the interaction of the particle's spin with the color background. Here we aim to consider the motion of colored scalar in a chromomagnetic field given by constant vector potentials.
Besides this motivation, the study of the motion of the colored particles in a classical color fields could have some use for investigations of the quark gluon-plasma. It is expected that, the classical color fields will arise in the first stages of the particle production in the quark-gluon plasma in high energy collisions of heavy nuclei [15, 16] .
These fields are constant longitudinal fields and are called color flux tubes. Color flux tubes exist during a short time and this stage of quark-gluon plasma is named glasma [22] . In the glasma, the freely moving quarks (or squarks) will interact with these fields. So, a solution to the motion problem of colored particle in an external color field can supply additional information about both free quarks (squarks) and classical color fields existing inside the quark-gluon plasma.
Axial chromomagnetic field

Solution to the Klein-Gordon equation
Scalar particle having color charge within the SU (3) color symmetry group are described by the wave function φ, which transforms under the fundamental representation of this group and has three color components corresponding to the three eigenvalues of the color spin
In order to take into account the color coupling of such a particle with the external field, we can apply minimal coupling principle 1 . According to this principle we make the shift to the canonical momentum P µ = µ + A µ = µ + A µ λ /2 in the Klein-Gordon equation:
where A µ is an external field, λ ( = 1 8) are the GellMann matrices describing the particle's color spin, and is the color interaction constant. Let us use the chromomagnetic field given by the constant vector potentials introduced in [1] . For such a field with an axial symmetry we choose components of the vector potential as follows:
where τ is a constant and δ µ is the Kronecker symbol. The field strength tensor for this field is non-zero due to the non-Abelian term F µν = A µ A ν and has only one non-zero component:
which is color magnetic field directed along the third axes of ordinary and color spaces. Here are the structure constants of the SU (3) group. There is no time dependence of A µ and so, the states φ ( ) are stationary ∂φ ( ) /∂ = Eφ ( ) . Plugging (3) into (2) we obtain the following explicit form of the Klein-Gordon equation in the chromomagnetic field (4):
where I 
The matrix H is not diagonal and this non-diagonality mixes the different color states φ ( ) with the exception of φ (3) . So, the matrix H is not useful for writing down an eigenvalue equation for the pure color states φ ( ) :
Using (6), Eq. (5) turns into the following system of differential equations:
From this system we obtain an equation for the pure states φ (1) and φ (2) , which is same for both:
. This equation is invariant under the rotations of ( ) plane. For a plane wave solutions the Eq. (8) gives the known continuous spectra [6] [7] [8] [9] [10] :
To solve (8) in the same manner as in [11] , use a cylindrical system because of axial symmetry, then one finds a Bessel function solution for this equation:
Here = 2 + 2 . The chromomagnetic quantum number is defined by the projection of the chromomagnetic moment of the particle onto the chromomagnetic field. The normalizing constant C is found in Appendix. Let us remark, that the Bessel function solution reveals thedependence of wave function. The continous spectrum (9) does not depend on this quantum number and we have a degeneracy over the . If we restrict this motion to be inside a cylinder with the radius 0 because of the confinement property of color and impose boundary condition φ 1 2 ( 0 ) = 0 we shall get quantization ⊥ = α (N) / 0 and the wave function will have following form:
Here α (N) are zeros of the Bessel function and the number N labels the sequence of zeros N = 1 2 3 . In this quantization the energy spectrum (9) becomes discontinuous as well:
Quantized levels E (N) are defined by the quantum numbers and N. Thus, the quantization of the spectrum eliminates the degeneration of the spectrum over the . Inasmuch as the Eq. (8) is universal for color index ( ), any of these states may have any energy from the spectra (9) or (12) . This quantization is similar to one for the momentum in standing waves [17] . The wave function (11) on the ( ) plane gives us a distribution picture, which consist of rings of maxima and minima corresponding to the maxima and zeros of the Bessel function. In a classical picture the particle's motion on the ( ) plane is a rotation. The radius of the ring on which particle rotates was found in [11] and is equal to:
The state φ (3) (r) does not interact with the external field and its motion in unrestricted which is the motion of a freely moving colorless scalar particle. In the restricted motion case the solution (11) is true for this state as well.
Energy states
Since the color spin operator λ 3 /2 does not commute with the Klein-Gordon operator (6), it is not a conserved operator and does not determine the spectrum branches 2 E 1 2 . This means, that the states φ (1) (2) do not get an energy definitely from the branch E 1 or the branch E 2 . They can get an energy from the both branches of the energy spectrum (12) (or (9)). It is reasonable to find a diagonal representation of the Hamiltonian (6) and the wave functions φ of the states with definite energy from these branches.
To this end we can rely on general properties of H and follow the diagonalization procedure used in [13, 14] . Since the Hamiltonian is a Hermitian matrix, it has a unique diagonal a form H , with which we will able to write an eigenvalue equation with the spectrum branches E :
It is obvious that, the eigenfunctions φ of H will be the states with definite energy E . In order to reduce the Hamiltonian (6) to its diagonal form H , we have to make a similarity transformation U in color space:
The wave functions φ ( ) , as components of a vector in color space, will transform under this transformation via the rule:
As a reminder, any Hermitian matrix gets its diagonal form in the space, where the basis vectors are eigenvectors of this matrix. So, the new basis vector φ will be an eigenvector of H and its components are the states with the definite energy from the (9)(or(12)).
Having solved the Eq. (14) for the U matrix elements 3 we find the following explicit form of U matrix:
Here α is a free parameter. Under the transformation (16) the Hamiltonian (6) has the following diagonal form:
Comparing the explicit forms of the diagonal elements (17) with the energy branches (9) one can easily see the correspondence between them:
Having the explicit form of the U matrix we can construct the φ according to the rule (15):
Having obtained U −1 in (19), one finds φ (±) as a superposition of the initial color spin states φ ( ) :
Relying on the correspondence (18) 
Eq. (21) enables us to establish the following correspondence between the E and the φ (±) :
Interaction with the background
The interaction term 1 λ 1 + 2 λ 2 in (5) commutes with the Hamiltonian (6) and so, describes a conserved quantity. Under the U transformation it is transformed into a diagonal form and has three eigenvalues ∓ ⊥ , 0:
The three branches of the energy spectrum correspond to these eigenvalues and the three energy states φ (±) (3) are eigenvectors of this matrix. Thus, we have the following correspondence of the spectrum branches to the eigenvalues of interaction term:
3 −→ λ I = 0. As is known, in QCD the gauge fields and color charge do not remain invariant under the gauge transformations [23] . The transformation (14)- (15) is in the color spin space and under this transformation the color charge and the gauge field A µ λ /2 are changed. Though the Hamiltonian (6) and the interaction term λ I do change as well under this transformation, the eigenvalues of these operators are invariant with respect to it and consequently are physical. The energy states φ (±) (3) are physical as well, since they describe a particle in a state, in which an energy has a definite value, i. e. can be measured definitely. The interaction term (23) can be written as a scalar product of two color vectors λ and I :
This product is the projection of the color spin operator λ onto the color vector I = A and in the transformed color space the λ I operator becomes proportional to the λ 3 . We can introduce the unit eigenvectors ζ (±) of this operator as follows:
which are basis vectors of the transformed color space:
We can rewrite φ (±) as the eigenfunctions of λ I operator. Then, the energy states can be expressed in this basis as follows:
In order to compare the effects of the interaction term 2 A in Abelian and non-Abelian theories, it is useful to recall its meaning in Abelian theory. As is known [18] , in the magnetic field with axial symmetry this term reveals the interaction of the magnetic moment of electron µ due to orbital moment L with the magnetic field H :
This term eliminates the degeneracy of the energy levels in the magnetic quantum number ( = ±1 ±2 ± ) and leads to a splitting of the energy spectrum in the magnetic field (Landau levels). In our non-Abelian problem the term λ A = 2 A cannot be written proportional to the orbital moment. In the transformed color space, as we noted, this interaction term becomes proportional to ⊥ : λ A = − ⊥ λ 3 which causes the branching of spectrum. In quantized spectrum case each branch contains the factor ⊥ = α (N) / 0 , which depends on and on N. It splits the spectrum into series, which are defined by the N and the levels in the series, which are defined by the . Thus, the interaction term A in non-Abelian theory, splits the spectrum into branches and the branches into series and levels in the series.
Spherical background
Wave function and spectrum
It is interesting to consider the case of chromomagnetic field having spherical symmetry. Let us choose a vector potential with the following constant components:
This potential defines a field with the following non-zero components of the field strength tensor:
The chromomagnetic field (30) has a spherical symmetry in ordinary space and in the subspace of the first three coordinates in the color space. The Klein-Gordon Eq. (2) in the field (29) has the following explicit form:
The wave function φ transforms under the fundamental representation of the SU (3) color group. The Hamiltonian on the left hand side (31) has the following color matrix form:
Eq. (31) can be written as a system of differential equations for the components φ ( ) :
(33) From the system (33) we get a differential equation, for both φ ( ) ( = 1 2) states:
This equation possesses a rotational invariance in ordinary space. For the plane wave solutions Eqs. (34) give us the two branches of the continuous energy spectrum found in [6, 10] :
Eq. (34) can be solved in the same manner used in [11] . In a spherical coordinate system the separation anzatz for the solutions have a standard form:
are spherical functions, and are orbital angular momentum and chromomagnetic quantum numbers, θ are polar and azimuthal angles. The equation for the radial part R( ) is the same as in problems in Quantum Mechanics, which possesses rotational invariance, and has a solution in terms of Bessel function of the first kind:
Normalizing constants C ν were found in [18] and are C ν =| p |. The solution (36), in distinction with the plane wave one, reflects the interaction of orbital and chromomagnetic moments with the chromomagnetic background. In order to find a quantized spectrum, this time we limit the motion of particle to a sphere with a radius 0 and impose the boundary condition R ν ( 0 ) = 0. This condition selects the following allowed values of | p | from the continuous one:
Here α (N) are the zeros of J +1/2 . Plugging (37) into (35) one finds the levels of the quantized spectrum branches:
In this case the boundary condition eliminates the degeneration of the energy spectrum (35) over the quantum number . Thus, the general solution to Eqs. (34) is written as follows:
Since the spherical functions Y define the " " " " " " " " orbitals, the colored scalar restricted to the sphere moves on these orbitals. For (36) the turning radia (N) of a "trajectory"-the maximal distance from the center of limiting sphere -it was found in [11] and has the form:
A plane wave can be decomposed by means of spherical waves [18] and so, the plane wave solution obeys the initial Eq. (34) too, though this solution does not depend on .
Diagonalization of H
Inasmuch as the Hamiltonian (32) is not diagonal, there is no correspondence between the energy branches E 1 2 and the states φ (1) (2) in this case as well. It is reasonable to find the wave functions of the states having definite energy from these branches, i.e. the energy states in the field (30). In order to diagonalize (32) we should make another transformation (14) . We can find this transformation and the diagonal form of the Hamiltonian by applying the method used in the previous section. These transformation matrix U has the following explicit form:
where is the | p |. Let us remark, that for 3 = 0 Eq. (40) coincide with Eq. (16) . Under the U transformation the Hamiltonian (32) has the following diagonal form:
The new states φ (±) , which are obtained from the φ ( ) by the transformation (15), will be the basis vectors of transformed space. Multiplying by U −1 these states are:
Of course, we can replace all the momentum operators by their eigenvalues from (40) and (41). Comparing the spectrum branches (35) with the diagonal elements of H (41), we write down the obvious correspondence between them:
Using this correspondence we can write the eigenvalue Eq. (13) for H by the eigenfunctions φ (±) (42) and the spectrum (35) or (38). Thus, we find the energy states of the colored particle describing the states with energy from the spectrum E 1 2 . This can be written in the following correspondence between the states (42) and the branches E :
Consider now the interaction term, which determines the branches of the spectra E , i.e. separate the interaction term in the Hamiltonian (31). The non-diagonal part of (31) is
and under the transformation (40) it has the diagonal form:
(44) Each branch of the energy spectrum corresponds to the one eigenvalue of the operator (44): E 2 1 2 −→ λ I = ∓ , E 2 3 −→ λ I = 0. In the non-transformed space this operator can also be written in terms of the interaction of the chromomagnetic moment of the particle with the background field:
This term contains the (hidden) interaction of the particle with the external field due to the orbital moment. The operator (λ I ) commutes with the Hamiltonian (45) and the quantity corresponding to this operator is conserved. Thus we conclude, that in the external fields, given by the noncommuting potentials (3) and (42), the projection (λ I ) describes the interaction of the chromomagnetic moment of the scalar particle with the external chromomagnetic field and causes the branching and splitting of the energy spectrum. States with the definite energy in these fields are determined by this projection, instead of the projection of color spin onto the field, i.e. they are basis vectors of color space, in which this projection has a diagonal form. Note, the up and down ± signs in φ (±) in (42) correspond to the signs of this projection. In a transformed space the color part ζ (±) can be chosen (26) as the eigenfunctions of λ 3 .
Discussion
The energy spectrum (12) can be applied to reveal indirectly the chromomagnetic flux tubes and squarks in the glasma. In this state a free squark moving in such tube may transit from a higher energy level to a lower one with the emission of a photon. For example, for the transition E (N) → E (N) +1 the squark will emit a photon with energy:
+1 . By detecting photons in the early stages of quark-gluon plasma, until decay of the glasma, the spectrum of these detected photons can be compared with the one calculated from the (12) . This comparison would allow one to test for the presence of chromomagnetic fields and squarks in the glasma, if these spectra have a coincidence. For the such kind of comparisons it needs a preliminary experimental estimations of the parameters in the expression for the energy spectrum, i. e. for the H and , which we hope, will be determined in the future experiments. A probability for this kind of transitions can be calculated by use of wave function (27) within the framework of Quantum Mechanics. Since the interaction term λ I is a conserved operator and the spectrum branches E (N) are determined by the eigen- Another remarkable point is that, the wave function and orbits of the considered fields do not depend on the field intensity H . This distinction with the electron's motion in the magnetic field is connected with the physics of the interaction with the background. As is known, in the ordinary magnetic field the quantization of the spectrum and orbits arises due to the interaction with background magnetic field. As a result of this interaction we have the motion on quantized orbits (magnetic field catches the moving electrons). In the chromomagnetic background considered here the quantization and orbits arise due to the boundary condition on the wave function, which has no relation with the interaction of the particle with the background. This is a reason behind this distinction and the identity of the orbits for the scalar and spinor particles.
Appendix A
We can find the normalizing constants C for the wave function (10) using following orthogonality condition for Bessel function on continuous values of α and β:
With the application of this formula the orthogonality of (14) in continuous spectrum case gives the following equality: 
